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ABSTRACT 
 Understanding how forces propagate through granular media is broadly relevant 
in acoustic and non-acoustic warfare applications. For example, sediment type can impact 
acoustic propagation during bottom bounce events that undersea assets use for 
navigation. There is not yet a complete theory of force propagation in granular media due 
to several nonlinearities, like friction and Hertzian contact interactions. Of particular 
interest is the crossover region between linear and nonlinear regimes, where the 
propagating stresses are comparable to the initial confining stress in the system, as well 
as the shock regime, where stresses greatly exceed confining prestress. 
 Aiming to develop more complete theories of force propagation in these regimes, 
we perform experimental impact tests and analyze how forces propagate in 
two-dimensional, frictional granular media. Assemblies of photo elastic disks are 
subjected to a vertical confining stress and then impacted from the side by a pendulum. 
Both the confining stress and the impact speed can be varied, and high-speed video 
captures the forces propagating through the material. We use image processing to 
quantify the speed of the moving wave and the force network’s structure. In particular, 
we focus on the phenomenology of the traveling shock and the stress anisotropy of the 
force networks, which has never before been experimentally measured. 
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Granular materials are solid-based particulate systems composed of a large number 
of macroscopic objects, such as grains of sand. They can behave in ways that are similar 
to both solids and fluids. These systems are hard to understand because they have a 
characteristically disordered spatial structure, as well as several nonlinearities pertaining 
to the way that grains interact. 
The four main nonlinear properties that granular materials exhibit are Hertzian 
contact interactions between grains [1], [2], disordered structure [3], [4], friction between 
grains [5]–[7], and rearrangement of the contact network [8]–[11]. Of the four, Hertzian 
contact interactions are the most prominent factor in acoustic transmission through granular 
materials with a weak prestress, which is the primary topic of interest for this thesis. 
Hertzian contact theory determines the relationship between the force exerted between 
particles and particle compression using a power law, with exponent 1.5 for perfectly 
elastic spheres. The disordered structure itself adds nonlinearity due to the complicated and 
changing force chains that are formed as a result of loading on the system. Tangential 
frictional forces are also nonlinear: they can behave like springs for weak forces, but, then 
when the Coulomb friction threshold is exceeded, grains slip past each other and dissipate 
energy into heat. Contact network rearrangement occurs under many types of forcing. This 
can come in the form of contact breaking [8] or large-scale rearrangements during shear 
[10], [11]. 
These nonlinear properties make fundamental descriptions of granular materials 
difficult. Of particular interest in this thesis are force transmission characteristics such as 
those found in acoustic propagation. The force chains and nonlinearity of granular 
materials constantly alter the spatial shape of a signal as it propagates, creating a 
complicated environment for signals to be transmitted, tracked, and received. Determining 
these properties is relevant to such studies as earthquake characteristics, ballistic 
applications, and acoustic seabed interactions. Although there are models that account for 
some of the nonlinear properties of granular materials, there is not a complete theory for 
force propagation in granular materials. 
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Platforms that could benefit from enhanced propagation prediction models are 
those that use tactical decision aids (TDAs), or more specifically Sonar Tactical Decision 
Aids (STDAs), with input from seafloor sound speed profiles (SSPs). The development of 
accurate SSPs of the seabed at this time requires a team to take direct measurements of a 
column in the seabed using a coring machine. This process is long, labor intensive and may 
not represent the spatial variability of sediment properties over a large area. Acoustic 
models that currently predict wave speed and attenuation from seafloor samples are also 
derived with multiple fit parameters, rather than direct physical linkage [12]. Thus, one 
application of a complete grain-scale theory of sediment acoustics, particularly one that 
correctly describes weakly compressed sediments, would be the improvement of how the 
geoacoustic properties of ocean sediments is determined based on measurements of 
sediment microstructure, rather than effective parameters.  
In this thesis we use laboratory experiments on model granular materials to explore 
how some of these nonlinear characteristics affect the propagation of stress. We use 
photoelastic particles and high-speed video to examine how shocks due to impulsive 
loading propagate through a granular material. We compare the phenomenology that we 
observe with previous work, finding some similarities but also important differences. In 
particular, we find that the shocks are not well described by step function-like stress 
profiles as in [13], but by a series of pulses similar to a solitary wave in one-dimensional 
granular chains [14], [15]. We also measure the speed of these pulses and find consistency 
with previous theories in general, but we observe deviations when the prestress and the 
propagating stresses are very small. We discuss possible mechanisms for this deviation, 









We begin by addressing early geoacoustic models that mold the basis of wave 
propagation theory in granular media. Biot’s breakthrough in addressing a secondary 
compression wave gave rise to many questions, follow-up experiments, and studies by the 
acoustics community [12], [16], [17]. Buckingham developed an alternative viscous grain 
shearing model for predicting compressional wave speed and attenuation in such materials. 
Both of these theories are not centrally focused on Hertzian contacts, which are very 
important for weakly confined sediments. We introduce these two theories, but instead 
focus on another, more recent theoretical description, developed with experiments and 
simulations, in which Hertzian contact theory is central. This theory predicts power law 
relations between the magnitude of the propagating stresses and the speed at which they 
move. As we move into two-dimensional and three-dimensional studies, the power scaling 
laws roughly hold, but also reveal some deficiencies in current models. 
A. ELEMENTARY GEOACOUSTIC MODELS 
In the mid-1950s, Biot presented his theory on the propagation of stress waves in a 
porous elastic solid containing a compressible vicious fluid [16]. In his papers he defends 
the notion that there are three forms of waves that propagate in a porous medium and that 
they can be measured. His theory has been applied to granular media [17], which assumes 
that the grains can be treated as a porous, elastic frame. However, this theory does not 
include the nonlinearities discussed previously. For example, it necessarily excludes 
contact network rearrangement and frictional slipping. At the time, the two accepted types 
of wave that granular materials could support were compressional and shear waves. The 
third type of wave is referred to as the compressional “slow” wave which results from out 
of phase motion between the fluid and poroelastic solid. This type of wave suffers from 
very large attenuation and can be difficult to experimentally observe. Biot’s theory on 
consolidated materials led to more questions of whether these characteristic waves may be 
found in other circumstances, such as unconsolidated materials [17]. 
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Decades later, Buckingham introduced a linear theory of wave propagation in 
granular materials. He focused on saturated, unconsolidated materials, like marine 
sediments [17]. In Buckingham’s model, the relative motion between the mineral grains 
and seawater is not included, which leads to a single compressional wave and a shear wave. 
He considers the translational and radial shearing between the grains to be made up of 
many “micro-events” that lead to random stick-slip interactions. He then uses the mean 
stress, temporal convolutions, and a strain-hardening model to come up with a time-domain 
transfer function to describe the motion of the waves as they propagate through the grains. 
This model is presented as a form of the Navier-Stokes equation for granular materials and 
can be split for both compressional and shear waves. Wave speed and attenuation values 
are derived and compared with previous predictions, confirming much higher dissipation 
in the shear waves than the compressional. Buckingham’s theory is termed the viscous 
grain shearing (VGS) model. Although it is an advantage that VGS naturally includes how 
grains can break or slip, the use of fit parameters to derive sound speed and attenuation 
leave the model lacking a direct connection to grain-scale physics. 
The Biot and Buckingham models include some microscopic physics, but they still 
include fit parameters and do not naturally include the grain-scale nonlinearities discussed 
previously. The stick-slip concept and grain-to-grain contact theory [17] begin to address 
the friction that is present in granular materials, which is one of the key nonlinearities in 
granular materials. Although these models provide some foundation toward describing 
both consolidated and unconsolidated granular materials, they are empirical in nature and 
are thus not complete theories.  
Some other recent work has focused directly on Hertzian contact theory, which is 
particularly important for weakly stressed, unconsolidated sediments. Gusev et al. apply 
Hertzian nonlinearity to demonstrate how acoustic waves in unconsolidated granular 
materials, when localized near a mechanically free surface, behave similar to those in a 
waveguide [18]. In the application of the ocean environment, this means that sound 
propagating in an appropriate bottom sediment may exhibit similar characteristics to sound 
propagating in the SOFAR channel. 
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Hertz theory is based on the compression of a sphere that’s made of an ideal, 
linearly elastic object. The stress-strain relationship between particles in contact under 
external force results with an exponent of α = 1.5 for smooth spherical grains. The value 
of α directly influences the power scaling dependency that propagating wave speeds have 
on particle stiffness and impact velocity in both the linear and shock regime. Gusev et al. 
use this knowledge to explain the existence of the acoustic “black hole” based on whether 
α is greater or less than 1. In the case with α >1, the linear sound speed vanishes under zero 
prestress, so the propagation time to the surface becomes infinite, leading to what seems 
like a loss of the acoustic wave. The authors explain how understanding this makes way 
for the ability to guide an acoustic ray by a free surface or similar environment. From this 
they present solutions for linear acoustic modes through derivations of dispersion relations 
for the shear horizontal (SH) and longitudinal and vertically polarized shear (P - SV) 
waves. The SH wave is polarized perpendicular to the plane of movement. The P - SV 
wave is polarized in the plane of movement with the longitudinal and shear vertical 
components continuously interacting. They use this theory to explain the low wave velocity 
observations found in dry sand [19].  
The models discussed in this section address some of the nonlinearities that 
granular materials possess and discuss a few particular aspects of force transmission. 
However, even though they capture various nonlinear aspects of granular materials, they 
all assume that the transmitted forces are small compared to the confining pressure. Thus, 
there is a single sound speed in their system, which is set by the overburden pressure or 
confining pressure. In many relevant geophysical scenarios, propagating stresses can be a 
similar magnitude or larger than the prestress. For example, in free surfaces like the 
interface between a liquid and gas, the overburden pressure vanishes, meaning that even 
small propagating stresses may be bigger than the confining pressure. As discussed in the 
next section, the fact that the linear sound speed vanishes does not mean that all forces 
must propagate at such a slow speed; instead, a new, nonlinear theory is required. 
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B. RELATIVELY STRONG PROPAGATING FORCES 
In the case where propagating stresses are similar to or even much larger than the 
confining stress, there is no longer a constant sound speed in the system. Instead, the sound 
speed depends on the magnitude of the propagating stresses. This situation has been studied 
recently, in the seminal work by Nesterenko [14], as well as in a series of follow up papers. 
For example, Daraio et al. used experimental results to validate the theory [15]. 
These studies focused on one-dimensional chains of spherical beads, thus isolating 
the Hertzian nonlinearity. Using an aluminum striker, polytetrafluoroethylene (PTFE) 
spheres, and piezo sensors, the experiment captures strongly nonlinear characteristics in 
the system. The experimental setup is shown in Figure 1. 
 
Figure 1. Experimental setup for one-dimensional chain of Teflon 
beads by Daraio et al. Source: [15]. 
When the prestress in the system is large compared to the propagating stresses, the 
forces propagate according to the linear wave equation, with all waves moving at a speed 
of c . In the linear case for all mechanical waves, the speed equals the square root of 
stiffness divided by inertia. For materials involving grains, we can take this a step further 
to say that since speed is proportional to the square root of the stiffness, then it is also 




∝ . Through manipulation of the relationships between force, elastic 
modulus, deformation, and alpha we can represent the wave speed c for the linear case as 







this exponent has a value of 1/6 when α = 1.5). 
When the propagating stresses become similar in size or larger than the prestress 
(or, alternatively, when the prestress vanishes and the linear sound speed goes to zero), the 
dynamics are no longer governed by a linear wave equation, but by a nonlinear wave 
equation. This nonlinear wave equation admits a solitary wave solution that propagates 
without dispersion at a velocity that is no longer constant but depends on the magnitude of 
the propagating stresses [15]. In Daraio’s paper, a continuum limit of this nonlinear wave 
equation is derived in terms of the particle displacement u, 
 ( ) ( ) ( ){ }
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 E is the bulk elastic modulus of the particles, ρ is the mass density, ν is 
the Poisson ratio. Here, c is on the same order as the bulk sound speed of PTFE. If the 
prestress is large compared to the propagating stresses, then Eq. (1) does not apply, but a 
linear wave equation describes propagating stresses with sound speed c0, which is related 
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The authors go on to introduce prior findings on the concept of a “sonic vacuum”, 
similar to the acoustic black hole discuss in the previous section, to relate the speed of a 
solitary wave Vs to strain. Using the approximation to one half-wavelength of a periodic 
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The sonic vacuum model here points out that in an uncompressed chain, in which 
ξ0 = 0, the sound speed goes to zero due to the absence of a restoring force. Nesterenko, 
Daraio, and collaborators then relate the solitary wave speed Vs to maximum strain ξm, 
maximum particle velocity υm, and the maximum force between particles Fm. For a weakly 
compressed, one-dimensional chain of grains with a solitary wave amplitude much greater 
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It is notable that the result of this solitary wave solution also shows a 1/6 power law scaling 
between Vs and Fm.  This is similar to the scaling between c0 and the prestress for the linear 
case, despite the fact that a linear theory no longer applies: propagation speed scales as 
prestress to the 1/6 power for linear waves, and propagation speed scales as maximum 
internal stress to the 1/6 power for nonlinear waves.   
C. BEHAVIOR IN TWO AND THREE SPATIAL DIMENSIONS 
A natural question stemming from this theory for one-dimensional chains is then 
whether these scaling laws are relevant in higher dimensions, especially three dimensions. 
Subsequent work by Gómez et al. observed similar scaling for shock fronts propagating in 
simulations of two-dimensional assemblies of grains [13]. Notably the shock disturbances 
in this study are not exactly represented by the solitary wave from the previously mentioned 
papers, but have similar scaling law behavior. Simulations are run for soft, frictionless 
spheres that are initially compressed to a set pressure, which is varied over a wide range. 
These systems then undergo a piston compression event from one side of the system, and 
the propagating stresses are observed. Here, up is the speed of the impacting piston and υs 




Figure 2. Simulation setups for piston compression events by Gómez 
et al. Source: [13].  
Through analysis of υs with respect to up, the average radius of the particles R and 
the compression in and outside of the shock, δs and δ0, the linear and shock regimes are 
distinguished. The group derives a one-dimensional equation relating these properties to 












For most granular particles, compression δs is significantly less than diameter 2R. 
In this scenario υs >> up. From the group’s results plotted in Figure 3, consistency is found 
compared with Eq. (4). Figure 3 a) plots the simulated speed of the wave front versus 
particle velocity. Both axes are scaled by the sound speed within the grain υg. Two regimes 
are exposed in this plot. The quasilinear regime appears when up is low. In this regime, the 
front speed υs is independent of particle velocity, but controlled by the initial pressure. The 
nonlinear shock regime appears when up is larger and has the majority of influence over 
front speed.  
Figure 3 b) rescales the data to fit on a collapsed curve, more clearly showing the 
distinct crossover between a mostly linear regime to the strong nonlinear shock regime. 
For each curve, the horizontal axis is rescaled by up*, which is defined as the piston speed 
that marks the crossover between linear and shock regimes at that particular value of the 
prestress. To calculate this value, the authors assume that the kinetic and potential energies 
are roughly equal inside the shock. Thus, up* marks the piston speed where the kinetic 
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energy of grains moving at up* is equal to the potential energy of prestressed grains, which 
can be easily calculated given the nonlinear force law and the initial confining stress. The 
vertical axis is rescaled by vs(0), which is the linear sound speed at that prestress. This 
value can be read off of Figure 3 a), and it obeys vs(0) ~ (δ0)1/4 as expected. As seen in 
Figure 3 plots, the strong shocks align well with υs ~ up1/5.  This scaling between υs and up 
is consistent with Eq. (3) and thus with the scaling from the one-dimensional Hertzian 
chain theory discussed in the previous section, but was derived under slightly different 
assumptions. 
 
Figure 3. Simulation results plotting front speed versus particle 
velocity by Gómez et al. Source: [13]. 
In a follow-up paper, van den Wildenberg et al. demonstrated that the scaling law 
roughly held in a three-dimensional frictional experiment [20]. A container filled with 
grains was impacted by a pendulum from the side at varying speeds. The top plate allows 
for confining pressure to be applied to the grains while prepositioned pressure sensors and 
accelerometers within the grain structure account for the speed and intensity of the shock 
wave moving through the medium. Figure 4 shows the experimental setup that was used 
by Wildenberg et al. 
11 
 
Figure 4. Experimental setup of pendulum impact into grains with 
force sensors spaced in grains by Wildenberg et al. Source: [20].   
With a wide range of confining pressures, over four orders of magnitude, and 
varying impact speeds, the results from this study show the expected linear and shock 
regimes of propagation in the grain structure. The results confirm that the front speed Vs 
becomes independent of confining pressure P0 and scales with the impact pressure like 
Pm1/6 for strong impacts. Figure 5 shows how the front speeds collapse on a 1/6 slope in 
the relatively high impact pressure on the log-log plot. This agrees with the predicted 
nonlinear 1/6 scaling power law for spherical grains. For the weaker impacts, Vs no longer 
depends on impact strength. In this linear regime, Vs does increase based on P0 because of 
the nonlinear local interactions between the grains. The group goes on to make models for 
predicting attenuation values, finding that they vary significantly with impact strength.  
12 
 
Figure 5. Semi-log plot of front speed and peak wave front pressure 
for various confining pressures. Source: [20]. 
This experiment finds that the predicted theoretical power-law scaling is suitable to 
model physical, frictional grains. However, their data are significantly scattered. Also, 
based on the design of the experiment, the primary data that was observed was taken with 
the pressure sensors, measuring time-of-flight only. In this case, no microscopic 
information was recorded for visual investigation. One goal of our work in this thesis and 
the project as a whole is to address this deficiency.  
D. ANISOTROPIC FORCE NETWORKS 
These studies discussed have demonstrated some success, at least in the confines 
of their stated relevancy. One potential flaw in these descriptions is that they treat granular 
materials as having a local, isotropic pressure that describes both the prestress as well as 
the propagating stresses. However, this is known to be false, since granular materials can 
support a significant shear stress, especially when there is friction present between grains. 
This means that the stresses may be different for different principal axes. 
A stress tensor for an individual particle can be defined in a granular system using 
Cauchy stress tensor derived from Virial stress theory [21], 
13 
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In Eq. (5), α and λ are Cartesian coordinates of the stress tensor σ, and the system volume 
is denoted by V. The α component of the separation vector between particles i and j is rαij 
and the λ component of the contact force between particles is Fλij [21], [22]. Figure 6 
depicts a two-dimensional example particle with appropriate contact force components and 
the stresses that result. 
 
Figure 6. Example particle i with realistic stress tensors (black) and 
contact forces (blue). Source: [22]. 
Recent work on granular rheology has shown that granular materials have an 
internal friction coefficient μ, which arises from anisotropic force networks and is relatively 
insensitive to the grain-grain friction coefficient [22]–[25]. Thus, frictional granular 







 in two dimensions (disks) 
and 0.4 in three dimensions (spheres), where σ1 and σ2 are the strong and weak principle 
stresses (i.e., the eigenvalues of the stress tensor) in the material. Figure 7 shows how the 
friction coefficient of an assembly of disks in two dimensions relates to the friction 
coefficient between grains. For very small grain-grain friction, the material still can support 
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a shear stress, with bulk friction coefficient near 0.1. At high friction coefficients, the value 
plateaus near 0.3. 
  
Figure 7. Bulk friction coefficient versus grain-grain friction 
coefficient. Source: [23]. 











can be up to about 2. 
This means that stresses in the strong direction can be double stresses in the weak direction. 
Whether and how this affects force propagation in granular materials is not known, 
particularly near the crossover between linear and nonlinear regimes. Thus, it is another 
goal of our ongoing work to try and understand how the different principal stress values 




In this chapter we explain our motivation to verify and expand on the established 
theory of propagation in granular materials, outlined in our background. The potential 
limitations of past work develop a need to continue experimentation and processing. Our 
specific interests are toward the shape of the shock profile, shock wave speed predictions 
using previously developed scaling laws, and the not-so-well known effects of the 
anisotropic network in granular materials.  
While providing a substantial foundation to base our studies on, the previous work 
discussed in the background has two main shortfalls. All work prior either focuses on 
frictionless granular material and/or does not consider all the nonlinear aspects of granular 
materials. In the Biot and Buckingham models, the assumption is made that a single bulk 
stress is used to quantify the granular materials. The Gusev theory for linear acoustic modes 
focuses only on the case where a linear wave equation applies. Daraio and Gómez both 
focus on the Hertzian contact interactions between grains, but fail to account for and 
address the friction of the spheres and what factors may influence real world grains. 
Finally, Wildenberg et al. address the major nonlinear factors at play in granular media, 
but are unable to extract grain scale data. 
This work is intended to complement the work done by Wildenberg et al. by 
investigating certain aspects of this theory which either have not been considered 
previously or can be better understood using a photoelastic experiment, where forces can 
be directly visualized with high-speed video.     
A. PHENOMENOLOGY 
The one-dimensional theory from the work of Nesterenko and Daraio [14], [15] 
describes how a shock is made up of a pulse train of solitons. However, in the two-
dimensional case, studied by Gómez et al. [13], the shock profile is assumed to fit a step-
function shape. The grains in this case are soft, frictionless spheres which neglect some of 
the nonlinearities that exist in real scenarios. The three-dimensional experiment that was 
done by Wildenberg et al. [20], while it covered a very large range of stresses, lacked the 
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spatial and temporal resolution to address this question. Since there seems to be 
inconsistency on the theory of the shock’s profile, we will try to observe this in our two-
dimensional experiment and find evidence of a pulse train, as in the one-dimensional 
theory, or a step function-like shock profile, as in the two-dimensional simulations with 
frictional grains due to impulsive loading. 
B. WAVE FRONT SPEED PREDICTIONS 
The setup of the Wildenberg experiment has traits similar to that of our impact 
apparatus. This motivated the interest to develop a way to calculate the speed of the wave 
front from our image data. Careful processing of the changing intensity of the images 
allows us to come up with this wave speed. Using photoelastic particles, we aim to cover 
impacts nearing the crossover region between the linear and shock regimes. Our results are 
consistent with theirs in some ways, but also show discrepancies in others. 
C. ANISOTROPY INVESTIGATION 
We also provide an added focus in this paper on how realistic granular materials 
form anisotropic contact networks and can demonstrate highly nonlinear characteristics 
under certain conditions. With the microscopic details that are recorded in the images, we 
dive into how the wave front visually moves. In particular, a distinction is made between 
different stress eigenvalues, the horizontal and vertical stresses. Further breakdown of these 
stress values relative to each other, reveals some insight into how the linear and shock 
regimes are separated to determine where the crossover region is set. Understanding this 




To further investigate the behavior of these lightly compressed granular materials, 
we use a two-dimensional impact apparatus that was designed by a previous student in our 
lab [26]. The experiment allows for varying impact speeds using an impact pendulum 
design from the left side as well as varying confining pressures applied on the top. We then 
take images of these impact events while the shock waves travel through the material. 
Image processing on the relevant frames allow us to reveal and compare the quantitative 
and qualitative trends that exist during force propagation. 
A. PHOTOELASTIC DISKS 
The particles that we used for this experiment were photoelastic disks. We used 
these grains due to their ability to show pressure characteristics through the use of polarized 
light. The material of the disks is PSM-1 developed by the Vishay Precision Group. Two 
diameter sizes of 6 mm and 4.3 mm were intermixed in this experiment. This is a standard 
approach that is used to prevent the system from forming a crystalline packing, thus 
maintaining a disordered spatial structure. The effective Young’s modulus E*, which is set 
by bulk material properties like Poisson ratio and geometry, equals 360 MPa for the PSM-
1 material [27].  
Linearly polarized light can be generated from reflection off a metallic surface or 
transmission through a polarizing filter. We chose to use polarizing filters for our 
experiment. Daniels et al. published a paper in 2017 summarizing polarization and the 
photoelastic techniques that can be used to examine granular materials [28]. These 
polarizing filters are thin sheets of polarized polymer chains made from iodine-infused 
polyvinyl alcohol. The group goes on to explain the method to then get circularly polarized 
light using linearly polarized light and a quarter wave plate. The quarter wave plate is a 
birefringent material meaning its crystalline axes have a slow and fast direction through 
which light can propagate. This setup allows for a photoelastic material to reveal its stresses 
through light and dark fringes. Figure 8 shows the linear and circular polarizers and how 
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they could be setup with a photoelastic sample, such as the disks we use in our experiment. 
Our setup follows the darkfield circular polariscope shown in part (b). 
 
Figure 8. Setup for linear and circular polarizers. Source: [28]. 
The photoelastic PSM-1 disks are used as the representative grains to allow for 
these birefringent qualities to emerge. The stress directions and general material 
characteristics are revealed by the bright and dark fringe patterns. The intensity of these 
patterns can be tracked through the changing images, revealing sound speeds within the 
material. 
B. EXPERIMENTAL SETUP 
To capture impact events, an experiment was designed and built by a previous 
student, Anthony Severson [26]. He used a combination of steel and wood for the 
pendulum and its stabilization structure. Two large pieces of Plexiglass make up the 
majority of the enclosure in which the photoelastic disks are contained, with slivers of 
Plexiglass to plug the edges in which there is no external influence. Figure 9 shows the 
experiment setup with only the base confining pressure applied, 680 grams. 
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Figure 9. Experimental setup with photoelastic particles 
 For the edges that transmit the impact force and apply confining pressure, there are 
also appropriately sized pieces of Plexiglass with wooden protective platforms. As shown, 
the impact pendulum hits the impact plunger perpendicular to the wooden section of the 
plunger and transmits the force through to the Plexiglass piece and then into the granular 
material. The confining pressure plunger works similarly, but with a stationary, initial mass 
sitting on the wooden element.  
 We begin at low initial confining pressures and low impact speeds. We account for 
impact speed by recording the degree amount in which we released the pendulum from, 
which we later calculate into an impact speed in MATLAB. We account for the confining 
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pressure by recording the mass of the Plexiglass and wood on top, as well as any added 
mass. With multiple trials at each experimental setting, we increase the pendulum drops 
from five degrees to twenty degrees at five degree intervals for the wide view images. We 
also increase the total initial mass from 680 grams to 13,600 grams for the wide view 
images.  
C. DATA COLLECTION AND PROCESSING 
 Data was collected using a phantom v711 high-speed camera. To capture the fine 
details that occur between grains and prevent aliasing, the resolution was set to 512 X 1024 
for wide view images at a frame rate of 14,000 fps. To capture what was occurring in the 
force chains and even in the grains themselves, photoelastic disks were used as the grains. 
The intensity within the grains is shown in these photoelastic disks as shock waves 
propagate. The Phantom Camera Control (PCC) software allowed for the camera to be 
directly connected to the computer so that after each impact event we could review the 
captured series of images and pull out the images that were of interest. These images were 
then saved as digital images and accordingly organized for image processing in MATLAB. 
Figure 10 shows an unaltered image of the photoelastic disks before an impact event, with 
a relatively high confining pressure, applied from above. The piston will impact from the 
left side of the image.  
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Figure 10. Image of photo elastic disks with confining pressure 
applied 
 MATLAB was used as the primary image processing tool for all work done with 
the collected images. Beginning with a code developed by Dr. Clark and Anthony Severson 
for relatively softer particles, images were run through MATLAB for analysis of the wave 
speed in the media relative to the initial confining pressure. Additional code is written to 
further break-down any trends that may appear in the data and start to take a deeper look 
at the anisotropy before and after impact events. 
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V. ANALYSIS AND RESULTS 
In this chapter we describe our process of reading the images and extracting 
relevant data. Using MATLAB and the image intensity captured from the photoelastic 
disks through the phantom camera we are able to build an automated system that computes 
the velocity of the wave fronts as they travel through the granular material. We then can 
plot these values versus confining pressure or impact speed and compare the trends we 
observe to previous work. We also consider the structure of the material to be anisotropic 
and calculate semi-quantitative values of the stresses as shocks propagate. 
A. DATA CAPTURE AND RECORDING 
Over five confining pressures and four impact velocities, data is collected for three 
trials at each possible setting. As explained in Chapter IV, the impact velocities are derived 
using the initial angle from which the pendulum end is released. The confining pressures 
are derived from the amount of mass that rests on the top edge of the apparatus. The chosen 
settings encompass a range near the predicted cross-over region from linear to shock 
behavior for the particles. In an attempt to capture macroscopic changes in the granular 
behavior, the experimental settings exhibit intensity in range from barely visible to highly 
saturated in the confining structures and wave fronts. Overall, the mass and therefore 
confining pressure increases by a factor of 20, from 680 grams to 13,600 grams. The 
pendulum degree angle before release increases by a factor of four, from five degrees to 20 
degrees.  
The impact event is recorded by the Phantom camera at 14,000 fps and is able to 
be manipulated via its compatible software. Through the Phantom program on the 
computer, the recorded frames are cropped to the appropriate length. To ensure the relevant 
frames are collected, the first 500 frames from initial impact are saved as Tagged Image 
File Format (TIFF) images. Figure 11 shows two impact events done at two different 




Figure 11. Raw TIFF images of the grains during impact events at 
different confining pressures and impact speeds 
B. INITIAL PULSE PHENOMENA 
In the images shown in Figure 11, one can immediately observe a phenomenon that 
occurs in all our data. An initial pulse is visible as shown in the second frame of Figure 11 
for both impacts, which is expected following the pendulum’s collision with the impactor. 
What is not expected according to the work by Gómez et al. [13] is the drop-off in intensity 
that then follows the initial pulse. In the third frame shown for each impact the initial pulse 
can be seen just past halfway through the image, but rather than a filled and equally intense 
trail behind it, there is a pocket of weaker forces propagating.  
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One possible reason for this phenomenon is that there may be expansion of the top 
plate from the relatively strong initial impact. As the forces push through the initially still 
grains, there may be some strong upward forces that push the grains upward against the 
confining pressure. For a short time, this may push up on the top plate, relieving some of 
the forces acting through the grains. 
However, another possible explanation for this phenomenon is that the two-
dimensional material is exhibiting the pulse train behavior observed in the one-dimensional 
nonlinear wave equation described in Chapter II, Section B. In experiments on one-
dimensional Hertzian bead chains, such as in the one-dimensional Teflon bead chains [15], 
impulsive loading leads to a pulse train of solitary waves. This soliton solution for granular 
material is represented by Eq. (3) which holds true to the expected power law scaling. The 
alternative behavior that the two-dimensional Gómez simulations assume [13] is that the 
shock profile acts like a step function. This step function behavior is displayed for their 
model in Figure 2. Since we observe a pulse-like behavior in our two-dimensional 
experiments, shown in Figure 11, we suggest that the theory of the shock profile is 
incomplete. As the first main result of this thesis, we believe this phenomenology may be 
evidence of propagating solitary wave in impulsively loaded granular materials, rather than 
a step function-like shock front. 
C. PROCESSING BASED ON INTENSITY 
Once all trials at each desired setting have been carried out and recorded, then the 
raw TIFF images are processed into MATLAB as matrices. These matrices are the same 
size as the image resolution and consist of values representing light intensity for each pixel. 
These matrices that represent the images can then be easily manipulated in MATLAB to 




Figure 12. Comparison of a raw TIFF image (top) to a processed 
MATLAB image (bottom) 
After the images are read into MATLAB as matrices, we can begin to quantitatively 
analyze how the light intensity changes as an impact event occurs. The photoelastic 
properties of the disks provide the straightforward visual representation of the wave front, 
but also allow us the ability to pull the numerical wave speed from the series of images. 
Comparing the changes in intensity frame by frame, relative to the initial frame, provides 
a means to extract the speed that the wave is traveling. 
D. SPACETIME PLOTS 
In order to extract wave speeds from the image sequences, we use the frame just 
before initial impact as the initial condition. As the shock propagates, we then take the 
current image and subtract from each pixel’s intensity the value at the initial condition 
(before the shock). This yields a difference image, as shown in the bottom of Figure 12, 
where the pre-existing force chains are now absent. The vertical columns of each difference 
image are then summed over to produce a single row vector for each frame, representing 
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an average horizontal position which the wave front has reached. We have assumed that 
the propagation is independent of the vertical direction. This agrees, at least to good 
approximation, with the images in Figures 11 and 12. The space-time plot is then procured 
by stacking these row vectors from top to bottom as each frame is processed. This results 
in a plot with a negatively sloped line that represents the wave front and depicts its speed. 
Figure 13 shows a representative space-time plot. As a note, 500 frames are captured and 
saved for each trial, but only about twenty to thirty are used for analysis. The use of only 
the first twenty to thirty frames is an effort to focus on the impact before boundary 
interactions begin to take effect. The y-axis of advancing time runs through 20 frames from 
top to bottom (changing time) and the x-axis represents the horizontal processing across 
the image as an impact occurs (change in position). 
 
Strong forces are yellow and weak or no forces are blue 
Figure 13. Automated space-time plot with best-fit line in MATLAB 
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The black line that is plotted in Figure 13 is a best-fit line to match the speed of the 
wave front as it moves. We extract this line by linear fitting using MATLAB and correcting 
visually if needed (particularly in the case of slow waves with weak signals). The line is 
offset slightly from the signal for visual purposes. The initial wave intensity is also offset 
from the top left corner because a few frames before initial impact are included in the 
analysis. Figure 14 shows additional space-time plots with best-fit lines plotted 
appropriately. These best-fit lines are preferentially matched to the early stages of 
propagation, since the wave will slow down as it dissipates. The slope of the line can then 
be used, along with the frame rate and a calibration of pixels per meter in the image, to 
extract the wave speed in meters per second. 
 
Figure 14. Multiple space-time plots at different confining pressures 
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From Figure 14, we see that the wave front velocity increases as confining pressure 
is increased. Each of the impacts in Figure 14 is released from 20 degrees, but with differing 
confining masses of 680 grams, 2,000 grams, 7,500 grams, and 13,600 grams. From left to 
right, then top to bottom, the waves propagate faster.  
Note that the initial pulse phenomenon described in the previous section is evident 
in Figure 13 by the weak forces that exist on the far left side of the space-time plot, in a 
region that is otherwise characterized by strong forces. This phenomenon is evident in 
nearly all experiments, as also seen in Figure 14. We again emphasize that this initial pulse 
is inconsistent with a step function shock from Gómez et al. [13], but is instead more 
qualitatively similar to the one-dimensional experiments of Daraio et al. [15]. 
E. SOUND SPEED COMPARISON TO EXISTING PREDICTIONS 
We calculate the impact velocity up based on energy conservation, since we know 
the distance that the pendulum fell through gravity, i.e., 2gh = (up) 2, where g is the 
gravitational constant and h is the height that the pendulum starts above its impact position. 
We assume all mass is concentrated at the striker, which consists of a heavy weight attached 
to a wooden plate. We verify these velocity estimates with high-speed video for selected 
cases and find they are very close to our prediction based on the angle of release. Along 
with the calculated wave speed from the image processing, we plot these two similarly to 
Gómez et al. in Figure 3. Figure 15 shows the front wave speed vs plotted versus the impact 
velocity up; this is similar in some ways to Gómez et al., shown in Figure 3. As expected, 
we find that the forces tend to propagate faster as both the piston speed and the confining 
pressure are increased. Colors signify the confining pressure, with red, green, blue, black, 
and magenta corresponding to the five weights we use, 680, 2000, 5000, 7500, and 13,600 
grams, respectively. For the largest pressure, the data suggest that we may be in the linear 
regime, but we wish to collapse the data as in Figure 3 to see if these velocities follow the 
scaling laws from previous work [13], [20]. 
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The shapes and colors refer to the increasing confining masses from 680 to 13,600 grams. 
They increase in the following order: red circles, green triangles, blue squares, black stars, 
pink stars. 
Figure 15. Impact velocity versus front velocity 
To come up with the plot shown, we calculate the value of the piston speed up* 
which denotes the crossover between linear and shock regimes as well as the linear sound 
speed vs (0). As described in Chapter II, we find up* by finding the pendulum velocity 
when the initial potential energy is equal to the energy in a shock interaction. When the 
propagating pressures are less than the confining pressure, the wave will behave in the 
linear regime with a constant velocity that depends only on the prestress. When the 
propagating stresses become larger than the confining prestress, then the wave can 
propagate at speeds higher than the material sound speed. Since we are finding the 
crossover point between these regions, we want to find when the confining pressure and 
propagating pressure are equal. The pressures can be written in terms of force, which can 
then relate the energy that exists in both the confining stresses and the propagating stresses. 
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Setting the potential energy in the confining mass and the energy in the propagating stress 
equal, we can rearrange and solve for the speed marking the crossover between these two 
regimes. In our data, there is not an obvious linear behavior at each confining pressure. 
However, we expect vs (0) to scale with P. Thus, for the vertical axis, we divide the front 
velocities by this value at each different confining pressure, and we divide by an additional 
constant for all pressures such that the vertical axis is normalized to roughly unity for the 
slowest piston speeds at the highest initial prestesses, where we expect to be in the linear 
regime. 
Figure 16 shows the normalized plot. A horizontal line on the left side of the plot 
marks the expected linear wave behavior (i.e., the front speed is independent of piston 
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. With an α = 1.4 this reduces to vs scaling with up⅙ which is plotted with 
the data. In our plot there is scatter amongst the weaker impacts, unlike the relatively tight 
fit that Gómez et al. present in their work [13]. Additionally, the data are not randomly 
scattered but show a systematic trend, where weaker prestress leads to slower propagation, 
even in the shock regime. This behavior is not expected, and represents the second primary 
finding of this thesis. Some possible reasons for this discrepancy are relaxation from the 
top plate or some dissipation related to the initial pulse phenomenology discussed 




The symbols are related in the same way as Figure 15 
Figure 16. Normalized impact velocity versus front velocity 
F. VISUAL CONFIRMATION OF SHOCK SPEED DISCREPANCY 
One possible reason for the discrepancy from the expected scaling is that the linear 
fitting methods we used to extract the wave speed return speeds for weak shocks that are 
too slow. This is plausible, since threshold limits were chosen for the photoelastic 
intensities associated with a shock, and weak forces would be near this threshold. However, 
Figure 17 shows that this is not the case. This figure shows confining pressures 
corresponding to 680, 2000, 7500, and 13,600 grams, from top to bottom, all at the same 
impact speed. Visual inspection of these images agrees with the wave speed measurements, 
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in that the higher confining pressures appear to be associated with faster propagation. This 
is inconsistent with the theory discussed in Chapter II, where shocks are expected to follow 
a behavior in which the wave speed is set by the speed of the impact, not by the confining 
pressure.   
 
Figure 17. Sequence of impacts at four confining pressures, increasing 
vertically down 
As shown, the impacts all start at the same frame on the left. Later frames are 
shown, representing an equal time-step for each impact. The two impacts on the bottom 
are from confining masses of 7,500 grams and 13,600 grams. These image sequences show 
faster wave speeds than the two lower confining masses on the top, suggesting some 
dependence on confining pressure in the shock regime near the crossover region. However, 
since this is at the cross-over region and our data are somewhat scattered, it may be a result 
of the cross-over region showing linear and shock characteristics. 
G. ANISOTROPY  
The granular shock models previously mentioned were derived for one-
dimensional propagation along a linear chain. Thus, they assume that a granular material 
can be treated as an isotropic elastic material, but this is not the case. The force networks 
that are formed through the particles of a granular material can support a shear stress. This 
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means that the stresses in the principal axes can differ by a fixed ratio. (Here, for simplicity 
of presentation, we will assume that these principal axes are the vertical and horizontal 
directions based on the directions of the loading, and we verify that this is approximately 
the case.) The fact that there can be two distinct principal stresses is largely unexplored in 
the context of shock propagation. Additionally, the effects of anisotropy may lead to a way 
to explain the shock speed discrepancies discussed in the previous section. In this section, 
we demonstrate that stress anisotropy is present before and during shock propagation. The 
principal stress in the vertical direction is larger before the shock, but the horizontal 
principal stress increases inside the propagating shock and can become larger than the 
vertical stress in some cases. 
As described in Chapter II, Section D, the stress tensor can be calculated if forces 
in the contact network are known. However, we do not have direct access to this 
information because the high-speed video lacks the necessary resolution. Instead, to 
estimate the stress anisotropy both before and during force propagation, we use the second 
moment of the local photoelastic intensity in the following way. We subtract the minimum 
value of the initial image from each pixel value in the image being processed, such that the 
gaps between force chains have pixel values near to zero. Then, at each pixel i, we look at 
a square neighborhood centered on that pixel, roughly 3-by-3 grain diameters in size. In 
this local neighborhood, we calculate the second moment tensor of the intensity about the 
center pixel, which we denote S, with the components of S given by 
 i j j j
j
S I r rαλ α λ=∑  . (6) 
Here, the sum represents a summation over every pixel j within the neighborhood 
around pixel i, α and λ are Cartesian coordinates, rαj is the α component of the separation 
vector between pixels i and j, and Ij is the intensity at pixel j. Figure 18 shows examples of 
what the local pixel neighborhood looks like with the strong and weak directional stresses 
denoted with the red lines. Note how this is similar to the image of the stress tensor that is 
explicitly calculated in Figure 6 [22]. Most importantly, the principal directions agree very 
well with a visual inspection for each neighborhood: the strong direction aligns well with 
any force chains that are present. Note that in the bottom right figure, there are no stresses 
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on the center pixels, so the stress tensor here should be small. To account for this, we 
multiply the second moment of the image by the value of the intensity right around the 
center pixel (eight-pixel by eight-pixel area). This ensures that the anisotropy value is not 
largely considered when the center pixel is not actually experiencing the stresses shown in 
the larger neighborhood around it like in the lower-right image in Figure 18. 
 
Figure 18. Cropped images for different pixel neighborhoods with 
plotted strong and weak axes 
Using this resulting tensor, we take the difference between the two diagonal 
elements (xx and yy elements) at each pixel divided by the trace, which is a proxy for the 
normal stress difference at that pixel. Our coordinate convention assigns negative values 
to more vertical and positive values to more horizontal stress anisotropy at the given 
particle.  
Figure 19 displays the full processed images with their normalized anisotropy plots 
beneath. The image on the left is before impact, with vertical force chains very visible due 
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to the confining pressure applied from above. The image on the right is at frame 11, when 
the impact has occurred and the wave front has traveled about halfway across the image 
space. 
 
Figure 19. Processed impact images and matching anisotropy 
structures 
Note that negative (blue) values correspond to vertical force chains, and positive 
(red) values correspond to horizontal force chains. Thus, this method gives an uncalibrated 
quantitative picture for whether the force chains are vertical or horizontal, and which 
principal stress is larger. Figure 19 suggests that the vertical stresses are larger before 
impact and horizontal are larger after. This makes sense because we have initial confining 
pressure added to the top of the apparatus before impact, creating naturally vertical stresses 
to support the stationary load. We then have the pendulum impact applied to the side of the 
granular system, which causes increased stresses along the grain contacts as the wave 
moves horizontally. Figure 20 shows a representative pulse moving. The top image shows 
a part of the impact event, which the wave front has moved about halfway through the 
system. The bottom image is taken later in time, in which the wave front has reached the 
far-right edge of the system. 
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Figure 20. Raw images of frames 11 (top) and 16 (bottom)  
All phenomenology discussed in this thesis is evident: there is a separated pulse 
moving through the medium. The pulse is associated with larger horizontal force chains 
compared with the prestressed material around it, which has larger vertical force chains. 
We quantify the evolution of the anisotropy by taking the average over different regions of 
the image, and then plotting these as a function of time. Specifically, we bin the image into 
four equal columns, and keep the middle two columns only. Figure 21 shows a time series 
of the average normal stress anisotropy plotted for the left side (blue) and right (red) of 
these two columns. This plot shows the sharp rise in the horizontal force chains as well as 
a time delay between the left and right side, which corresponds to the pulse propagating. 
Similar results are found for all other experiments. 
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The frames marked t1 and t2 correspond to the two images shown in Figure 20. 
Figure 21. Stress anisotropy in the middle two quarters of the images 




A. SUMMARY OF RESULTS 
In this study we investigated the behavior of photoelastic particles as a 
representative granular material during shock propagation events. Using a two-dimensional 
experiment of frictional particles, we were able to record how the granular system behaved 
during varying impact speeds and confining pressures. Phenomenon of a pulse train 
structure was observed in our impacts, bringing to question the best shock profile for 
modeling of how impulse-like forces propagate in two- and three-dimensional granular 
media.  
The calculation of propagation front speed through image processing allowed us to 
further investigate trends that have been presented in other work. We find that our results 
follow similar power scaling laws that recent work by Nesterenko, Gómez, Wildenberg, 
Clark, etc. have introduced. We find some small deviations from previous work and present 
a possible answer hidden in the anisotropy structure of granular materials.  
Finally, we provide analysis regarding the grain structure and its anisotropic 
properties. Taking the view that a granular material is not an isotropic medium, we use the 
intensity images to semi-quantitatively show how the normal stress anisotropy can change 
over the entire image as forces propagate through a region.   
B. FURTHER WORK 
In future work we would like to grasp a wider range of confining pressures and 
impact speeds. With a strengthened experimental structure designed for numerous impacts, 
the degree of impact and number of trials could lead to increased confidence in the behavior 
of the crossover region. More experiments with a wider a range of impact speeds and 
confining pressures could provide additional insight. 
 
40 
THIS PAGE INTENTIONALLY LEFT BLANK  
41 
LIST OF REFERENCES 
[1] S. Job, F. Melo, A. Sokolow and S. Sen, “How Hertzian solitary waves interact 
with boundaries in a 1D granular medium,” Physical Review Letters, vol. 94, no. 
17, pp. 178002, May 2005. [Online]. doi:10.1103/PhysRevLett.94.178002 
[2] Mindlin, R. D., “Compliance of elastic bodies in contact,” J. Appl. Mech., vol. 16, 
no. 3, pp. 259–268, Sep. 1949. 
[3] C. S. O’Hern, L. E. Silbert, A. J. Liu and S. R. Nagel, “Jamming at zero 
temperature and zero applied stress: The epitome of disorder,” Physical Review E, 
vol. 68, no. 01, pp. 011306, 2003. [Online]. doi:10.1103/PhysRevE.68.011306 
[4] T. S. Majmudar and R. P. Behringer, “Contact force measurements and stress-
induced anisotropy in granular materials,” Nature, vol. 435, pp. 1079–1082, Jun. 
2005. [Online]. doi:10.1038/nature03805 
[5] P. A. Cundall and O. D. L. Strack, “A discrete numerical model for granular 
assemblies,” Géotechnique, vol. 29, no. 1, pp. 47–65, 1979. 
[6] P. C. Johnson and R. Jackson, “Frictional-collisional constitutive relations for 
granular materials, with application to plane shearing,” Journal of Fluid 
Mechanics, vol. 176, pp. 67–93, Mar. 1987. [Online]. 
doi:10.1017/S0022112087000570 
[7] C. Goldenberg and I. Goldhirsch, “Friction enhances elasticity in granular solids,” 
Nature, vol. 435, pp. 188–191, 2005. [Online]. doi:10.1038/nature03497 
[8] C. F. Schreck, T. Bertrand, C. S. O’Hern and M. D. Shattuck, “Repulsive contact 
interactions make jammed particulate systems inherently nonharmonic,” Physical 
Review Letters, vol. 107, no. 07, pp. 078301, Aug. 2011. [Online]. 
doi:10.1103/PhysRevLett.107.078301 
[9] Q. Wu, T. Bertrand, M. D. Shattuck and C. S. O’Hern, “Response of jammed 
packings to thermal fluctuations,” Physical Review E, vol. 96, no. 06, pp. 062902, 
2017. [Online]. doi:10.1103/PhysRevE.96.062902 
[10] J. D. Thompson and A. H. Clark, “Critical scaling for yield is independent of 
distance to isostaticity,” Physical Review Research, vol. 1, no. 01, pp. 012002, 
2019. [Online]. doi:10.1103/PhysRevResearch.1.012002 
[11] K. A. Dahmen, Y. Ben-Zion and J. T. Uhl, “A simple analytical theory for the 
statistics of avalanches in sheared granular materials,” Nature Phys, vol. 7, pp. 
554–557, 2011. [Online]. doi:10.1038/nphys1957 
42 
[12] M. J. Buckingham, “On pore-fluid viscosity and the wave properties of saturated 
granular materials including marine sediments,” Journal of the Acoustical Society 
of America, vol. 122, no. 3, pp. 1486-1501, Sep. 2007. [Online]. 
doi:10.1121/1.2759167 
[13] L.R. Gómez, A. M. Turner, M. van Hecke and V. Vitelli, “Shocks near jamming,” 
Physical Review Letters, vol. 108, no. 5, pp. 058001, Feb. 2012. [Online]. 
doi:10.1103/PhysRevLett.108.058001 
[14] V. F. Nesterenko, Dynamics of Heterogeneous Materials. New York, NY, USA: 
Springer-Verlag New York, 2001. 
[15] C. Daraio, V.F. Nesterenko, E.B. Herbold and S. Jin, “Strongly nonlinear waves 
in a chain of Teflon beads,” Physical Review E, vol. 72, no. 1, pp. 016603, 2005. 
[Online]. doi:10.1103/PhysRevE.72.016603 
[16] M. A. Biot, “Theory of propagation of elastic waves in a fluid-saturated porous 
solid. I. Low frequency range,” Journal of the Acoustical Society of America, vol. 
28, no. 2, pp. 168, 1956. [Online]. doi:10.1121/1/1908239 
[17] M. J. Buckingham, “Wave propagation, stress relaxation, and grain-to-grain 
shearing in saturated, unconsolidated marine sediments,” Journal of the 
Acoustical Society of America, vol. 108, no. 06, pp. 2796–2815, Dec. 2000. 
[Online]. doi:10.1121/1.1322018 
[18] V. E. Gusev, V. Aleshin and V. Tournat, “Acoustic waves in an elastic channel 
near the free surface of granular media,” Physical Review Letters, vol. 96, no. 21, 
pp. 214301, Jun. 2006. [Online]. doi:10.1103/PhysRevLett.96.214301 
[19] B. Andreotti, “The song of dunes as a wave-particle mode locking,” Physical 
Review Letters, vol. 93, no. 23, pp. 238001, Dec. 2004. [Online]. 
doi:10.1103/PhysRevLett.93.238001 
[20] S. van den Wildenberg, R. van Loo and M. van Hecke, “Shock waves in weakly 
compressed granular media,” Physical Review Letters, vol. 111, no. 21, pp. 
218003, Nov. 2013. [Online]. doi:10.1103/PhysRevLett.111.218003 
[21] J. D. Thompson and A. H. Clark, “Critical scaling for yield is independent of 
distance to isostaticity,” Physical Review Research, vol. 1, no. 1, pp. 012002, 
Aug. 2019. [Online]. doi:10.1103/PhysRevResearch.1.012002 
[22] A. H. Clark, J. D. Thompson, M. D. Shattuck, N. T. Ouellette and C. S. O’Hern, 
“Critical scaling near the yielding transition in granular materials,” Physical 
Review E, vol. 96, no. 06, pp. 062901, 2018. [Online]. 
doi:10.1103/PhysRevE.97.062901 
43 
[23] F. da Cruz, S. Emam, M. Prochnow, J. Roux and F. Chevoir, “Rheophysics of 
dense granular materials: Discrete simulation of plane shear flows,” Physical 
Review E, vol. 72, no. 2, pp. 021309, 2005. [Online]. 
doi:10.1103/PhysRevE.72.021309 
[24] P. Jop, Y. Forterre and O. Pouliquen, “A new constitutive law for dense granular 
flows,” Nature, vol. 441, pp. 727–730, 2006. [Online]. doi:10.1038/nature04801  
[25] K. Kamrin and G. Koval, “Effect of particle surface friction on nonlocal 
constitutive behavior of flowing granular media,” Computational Particle 
Mechanics, vol. 1, no. 2, pp. 169–176, Jun. 2014. [Online]. doi:10.1007/s40571-
014-0018-3 
[26] A.D. Severson and A. H. Clark, “Shock propagation in soft granular materials,” 
M.S. thesis, Dept. of Appl. Sci., NPS, Monterey, CA, USA, 2019. [Online]. 
Available: http://hdl.handle.net/10945/62761 
[27] A. H. Clark, A. J. Peterson, L. Kondic and R. P. Behringer, “Nonlinear force 
propagation during granular impact,” Physical Review Letters, vol. 114, no. 14, 
pp. 144502, 2015. [Online]. doi:10.1103/PhysRevLett.144.144502 
[28] K. E. Daniels, J. E. Kollmer and J. G. Puckett, “Photoelastic force measurements 
in granular materials,” Review of Scientific Instruments, vol. 88, no. 05, pp. 
051808, 2017. [Online]. doi:10.1063/1.4983049@rsi.2017.IMGP2017.issue-1 
  
44 
THIS PAGE INTENTIONALLY LEFT BLANK  
  
45 
INITIAL DISTRIBUTION LIST 
1. Defense Technical Information Center 
 Ft. Belvoir, Virginia 
 
2. Dudley Knox Library 
 Naval Postgraduate School 
 Monterey, California 
